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ABSTRACT 


This thesis is concerned with the study of the 
gravitational collapse of spherically symmetric thin 
dust and fluid shells, along with a study of a class 
of stationary electromagnetic vacuum fields in which 
"charge" equals "mass". 

The features of Schwarzschild and Reissner- 
Nordstrom geometries are outlined and the equations 
for discussing the structure and dynamics of infinite- 
Simal shells are derived. The collapse of thin shells 
with charge and mass, empty and with interior charge 
and mass, non-radiating and radiating is discussed; 
and the collapse paths are traced out on Graves-Brill 
diagrams - schematic representations of an analytically- 
extended Reissner-Nordstrom manifold. In a separate 
study, it is shown how a new class of stationary elec- 
tromagnetic vacuum fields can be generated from the 


source free Einstein-Maxwell equations. 
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CHAPTER 1 


INTRODUCTION 


One of the most peculiar effects to surface from 
Einstein's equations is the phenomenon of gravitational 
collapse. The-equilibrium of a_star-is a complex, 
delicate matter. In its normal state, a star consists 
Of a nearly spherical gas distribution which is in hy- 
drostatic and thermal equilibrium. A condition of 
hydrostatic equilibrium indicates that the gravitational 
force balances the pressure force acting on each unit 
of mass. Thermal equilibrium means that the energy 
generated per mass unit equals the energy radiated from 
the surface of each mass unit. A violation of either 
equilibrium condition leads to structural changes and 
the "evolution" of the star. Stars with masses much 
larger than the sun's mass, which cannot shed a critical 
amount of mass, collapse to states where general relati- 
vistic effects dominate. In the following pages, I 
discuss a number of topics chosen for their significance 
because they illustrate the position of "black holes" in 


relativity. 


i at Space-time Structure in General Relativity 


In general relativity, physical laws are formula- 


ted in terms of geometrical structures - topology, 
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connexion, and metric. A topology defines concepts 
of nearness, limits, continuity, and connectedness. A 
connexion provides a means of parallel transport for 
‘vectors, and a means of forming derivatives and diffe- 
rential equations. A metric defines inner products, 
lengths, and causal relations. 
On a macroscopic level, space-time is considered 
to be a four-dimensional smooth manifold. This is a 
reasonable assumption except, perhaps, at isolated points 
or Singularities. In Wheeler's words [1], 
"Space is like an ocean which looks flat to an 
aviator who flies high above it. On closer 
approach, the dynamic structure of the surface 
is seen (quantum fluctuations) .... The topology 
of the ocean is recognized to be non-Euclidean." 
In this manifold, a physically well-defined metric which 
defines a pseudo-Riemannian structure is determined. 
When the line element, ds, is integrated along a par- 
ticle's world line, the particle's proper time lapse is 
given. In this manner, the notion of "clocks" may be 
tied to general relativity. Space-time is assumed to 
be locally Minkowskian; and clocks, locally, obey the 
laws of special relativity. In the framework of 
special relativity, if two events E and E', are related 
2) 


such that ds~ < 0 (+2 signature), one event can causally 


influence the other. This property should persist 
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globally 7 tiated, 40, general relativity. From the 
gravitational potentials, Baia? and using the methods 
of differential geometry, a Riemann tensor is cons- 
'tructed which is a measure of the "geodesic deviation" 
of two test particles. The Einstein tensor is formed 


from contractions of the Riemann tensor as follows: 


From the contracted Bianchi identities, one can show 
that the divergence of the Einstein tensor vanishes. 
The energy-momentum tensor, se Ay which enfolds all of 
the fields except gravitational, also has a vanishing 
divergence. Einstein's equations equate these two 
conserved, “energy-like" quantities 


G = —S7 T : 
vay) UV 


An axiomatic summary of general relativity 


follows: 


(1) Space-time is Riemannian, normal hyperbolic. 
At any event, E, co-ordinates may be introduced such 
that 


2 
Ga = oui dz. Sad tet 


(2) The field equations are 
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(3) Physical meaning of the metric: 
Let E, E' be neighboring events with co-ordinates 
xt, x" +dx". An observer momentarily at E measures the 


.separation of. EB,’ E' as 
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where v' = dx" /at iswth sy four velocity’. 


(4) The world line of a free, spinless, uncharged 


particle is a time-like geodesic. 


(5) The world line of a light ray in vacuo is'a null 


geodesic [2]. 
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Black Holes 


Until a few years ago, general relativistic effects 
did not seem to be very relevant to those bodies under 
observation by astronomers. Black holes, or "frozen stars" 
had been predicted by Oppenheimer and Snyder in 1939 [3], 
but they proved to be an observational chimera. In order 
to understand the difficulty involved in pinning down a 


black hole, = Will trace the later Stages of stellar 


evolution. 
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The evolutionary direction of a star is towards 
depletion of nuclear fuel and increase of internal 
temperature and density. The theory of stellar struc- 
ture in slow evolution has been worked out and supported 
by observational evidence of luminosity, radii, spectra, 
and so on. In the very late stages of stellar evolution, 
one assumes that the nuclear fuel is exhausted, and that 
the temperature is O°K; then, the various matter distri- 
butions which can have hydrostatic equilibrium are found. 

One such equilibrium state is possible for stars 
with a mass less than 1.2 Mo L4). Tnerthrs estate, nuclei 
are well-separated, but electron shells are crushed. 

The pressure of the degenerate electron gas in these 
"white dwarf" stars balances the gravitational force. 

For a mass between 1.2 and 2.0 My the stable 
state is that of a neutron star. (This range is quite 
uncertain, and depends on the collapse model and 
assumptions of initial:states.) [5]. These stars 
have a radius of about 10 km and a density comparable 
to that of an atomic nucleus. The magnetic field and 
rotation of these collapsed stars produce pulsed radio, 
optical, and x-ray emissions accompanied by acceleration 
of particles to relativistic velocities. ‘These pulsars 
most likely generate gravitational waves. The Crab and 
Vela pulsars are examples of pulsars known to have been 


produced by supernova explosions. 
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For a mass larger than about 2M,, no equilibrium 
configuration exists, and an observer sees the asympto- 
tie approach of the collapsing star to a-certain radius 
rat which it appears to be “frozen”. The collapse is 
accompanied by an exponential decay in luminosity. 

The observer is a victim of the relativistic retarda- 
tion of time. From the point of view of a comoving 
observer, the collapse is not really "frozén“ at.a 
certain stage, but continues inwards; however, at a 
star's "gravitational radius", photons are infinitely 
red-shifted and any events occurring inside this radius 
are inaccessible to an external observer. 

The evidence for the existence of such frozen 
stars Or black holes is\ ‘still tentative. Using a one 
meter long aluminum cylinder which resonates at 1660 hz, 
Weber [6] claims to have found high frequency pulses 
of gravitational radiation which have an energy flow of 
order 10° ergs-cm ~/sec. Black holes in formation or 
collision could be capable of producing such gravita- 
tional radiation without causing observable” electro- 
magnetic radiation. Weber's results are by no means 
confirmed. 

Recent advances in x-ray astronomy, coupled to 
precise optical data provide more evidence for collapsed 


stars, a generic term for white dwarf stars, neutron 
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Stars, and black holes. Collapsed stars may be dis- 
tinguished from normal stars by their pulsations - 
small objects generate short pulse lengths. Several 
X-ray sources undergo intensity fluctuations in as 
short a time as 50 msec. Such fluctuations could come 
from a collapsed object. Two x-ray sources that can be 
identified with eclipsing binary star systems in which 
one of the stars is a collapsed star are Hercules X-l, 
and Cygnus X-l. 

Hercules X-l has been determined by Crompton and 
Hutchings [7] to be an eclipsing binary star system 
which has a 1.7 day eclipse period. The occulting 
object has a mass of 2.5 Mo: and the x-ray source a 
mass of 1.3M, and a 1.24 second pulsation period. 
Giaconni [8] has shown that rotation cannot be the 
energy source; rather, accretion of matter onto the 
X-ray source by gas streaming from the companion star 
is the most likely energy source. 

Cygnus X=I*°is more intriguang. ~The intensity 
of x-rays emitted often doubles in 50 msec, and there 
rs no predictable’ periodicity "of pulses. *-Optical’'ob= 
servations indicate that Cygnus X-l may consist of a 
12 My supergiant and a 3 My black hole orbiting it 
every 5.6 days. The aperiodic fluctuations in x-ray 
intensity provides the theoretical basis for this specu- 


lation. The reasons for periodicity and aperiodicity 
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are sketched below. 

There is good evidence for "gas-streaming" 
between binary star companions, but no x-rays usually 
emerge. A stream of matter falling towards a collapsed 
object could generate x-rays because the accelerated 
particles would create "hot spots" on the surface of, 
Say, a white dwarf star, which would then radiate x- 
rays. Radiation back pressure would temporarily slow 
the stream, producing roughly periodic variations of 
intensity. An exact periodicity would be associated 
with rapid rotation of the object. A black hole has 
no tangible surface to support these "hot spots"; how- 
ever, Zel'dovich has calculated that the gravitational 
field of a black hole would compress the particle stream 
until it reached temperatures of the order of ergs is 
The resultant radiation could have aperiodic intensity 
fluctuations. The process of x-ray emission is not so 
simple as the gas-streaming argument suggests. When 
matter slowly accretes on a collapsed object from a 
companion star it is likely that a disk forms around 
the object. Thorne's and Zel'dovich's associates have 
calculated the time-averaged behavior of the x-ray 
spectrum for a disk-type accretion onto black holes, 
and the results are characteristic of the spectrum from 


Cygnus X-1 [9]. 
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The diversity of evidence for black holes is 
not overwhelming; however, the evidence which I have 
mentioned has been harvested by astronomers in the 


last few years. 


oe 3 Spherical Gravitational Collapse 


In this thesis, discussion will be confined 
mostly to the gravitational collapse of spherically 
symmetric matter distributions, or to spherical shells 
which are qualitative analogues to spherical matter 
distributions in many respects. 

Thorne [10] outlines the four stages involved 


in the collapse of a star: 


(1) Instability 


Late in its evolution, a star consumes all of 
its nuclear fuel. This leads to instability through 


an altered equation of state. 


(20 Implosion 
instabwaitywleads to a-rapid collapse of the 


dense core with a trailing outer envelope of matter. 


(3) Horizon 
The stellar surface crosses the gravitational 
radius in a finite time as measured by a co-moving 


observer. A distant observer sees the star asymptotically 
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approach its gravitational radius which defines a 
surface of infinite redshift SO'thissurfacevacts 
as an "event horizon" which encloses a region of 
siice—ciie which cannot communicate with the outside 


universe. 


(4) Singularity 
The collapse continues to r = 0 where density 


and tidal forces are infinite. 


The implosion stage of collapse can be stopped 
by fast exothermic reactions at high temperatures. If 
a star has enough fuel left to explode during the 
collapse, it will cast off a shell of matter. A star 
with a mass greater than around 2 Ms cannot cast off 
enough of its mass to stop the collapse [11]. 

The singularity stage of the collapse is not 
inevitable for collapsing shells of matter as will be 
shown later. The shell may contract to a minimum 
radius and then "bounce" or re-expand into another 
region of space-time. 

Roger Penrose has considered a number of objec- 
tions to the collapse picture predicted by general 
relativity and sketched by Thorne above. They are as 


follows: 
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o5 Densities in excess of nuclear density inside 
the collapsing object could modify the equation 
of state. 

3) An exact vacuum is assumed outside the collaps- 


ing object. 


(3) Zero net charge and zero magnetic field are 
assumed. 

(4) Rotation is excluded. 

(5) Asymmetries are excluded. 

(6) A "cosmological constant" isn't considered. 

CF) Quantum effects are ignored. 

(8) General relativity is largely untested. 

(9) There is no apparent tie-up with observations. 


With respect to (1), at the event horizon, r= 2m 


For a large enough mass, the density of the collapsing 
object as it crosses r = 2m could be small. Objections 
to (2) through (6) are really only objections to handl- 
ing more complex systems. There are now exact solutions 
that include angular momentum (Kerr [12]), charge and 
magnetic moment (Newman [13]) with the addition of a 
cosmological constant (Carter [14]). It seems likely 
that asymmetries are radiated away during the collapse 
(Israel [15]), and that matter in the vicinity of a 


black hole falis into it. 
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Gravitational quantum effects would only manifest 
themselves” focally in”™regions of “high density and cur- 
vature. These conditions exist well inside’ a black 
hole and may be important in the deep interior. 

Experimental relativity Ts stiil-in“its-intancy; 
however advances both in observations of collapsed 
Opyeces andvuamtes ts Of the validity of relativity are 


on-going processes (see Dicke [16]). 


§1.4 Summary of the Thesis 


The preceding introduction to black’ holes’‘and 
to spherical gravitational collapse is pursued in 
detail in the case of the collapse of fluid and dust 
shells. 

Chapter II develops the geometrical background 
and analytic extensions which are required in discussing 
the collapse paths of thin shells, concluding with a 
rather general discussion of the metric which describes 
the external field of a charged, spheri-symmetric dust 
cloud. 

Chapter III develops the equations which charac- 
terize the structure and the dynamics of thin shells. 

in Chapter ciV,i,sthe; equations,of- Chapter, JILj;are 
applied to the case of spherical shells. The equations 
of motion are derived for both non-radiating and radiat- 


ing shells, and a continuity equation is introduced. 
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Finally, some qualitative features of the motion of 
a collapsing shell are discussed. 

Chapter V introduces specific cases of collaps- 
‘ing shells which do not radiate. The cases generally 
increase in complexity and the chapter ends with a 
discussion of a charged shell collapsing onto a black 
hole. 

Chapter VI deals qualitatively with the collapse 
of a radiating dust shell with constant charge. The 
ways in which the total mass and the proper mass vary 
in the course of the collapse are used to cast the 
collapse path into one of the cases considered in 
Chapter V. 

Chapter VII introduces a new topic which applies 
to static or steadily moving distributions of charged 
dust with equal charge and mass densities. A class of 
stationary solutions to the source free Einstein- 


Maxwell equations is derived. 


81.5 Notation Used in the Thesis 


Cy Througnoute the thesis, Greek .ndices run from] 
to. ac ane wbatin InaLees Fulr from.) £0) 3% 

(2) Saiy is variously called the metric tensor, the 
fundamental tensor, or the gravitational potential. 
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(3) A si gnature/orr2ieotised) This means that in 


a line element 


a Hay 
ds” = dhiey ax ud 


the sign of each of the terms is given by (+,+,+,-) when the 


metric is written in a localized diagonal form. For example, 


2 2 7 ia heey 


as: = ar sar dd 2 
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(4) For curves, r,0,¢ = constant. 


For ds*< 0, the curves are time-like. 


ds? >0, the curves are space-like. 


cs) "Geometrized" units are used in which c=Ge=1. 


(6) In, Chapters. .b1 kithrough V1, 
[X] means the jump in X through a hypersurface, 
Sikbe. 
ne + _ 
Mpmeans es (X| Yuck alos 
Any other use should be clear from the context. 
(7) R, or r, and R_ or r_ are used to denote the 


outer and inner event horizons of a Reissner-Nordstrém 
black hole. 
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CHAPTER II 


SCHWARZSCHILD AND REISSNER-NORDSTROM GEOMETRIES 


S20. Jneroduction 

In this chapter, we consider the properties of 
the Schwarzschild solution and the Reissner-Nordstrém 
solution with the purpose of applying these properties 
to the gravitational collapse of thin shells. Various 
analytic extensions of the space-time manifold are 


derived in order to eliminate co-ordinate singularities. 


§2.2 Schwarzschild Geometry 


The Schwarzschild solution describes the external 
vacuum gravitational field of any spherical matter dis- 
tribution. Since stars exhibit near spherical symmetry, 
and since nonspherical systems tend to be mathematically 
intractable, it is important to understand the subtleties 
enfolded in the Schwarzschild line element. The 
Schwarzschild solution has the protean property that it 
may be expressed in many co-ordinate systems, each of 
which shows the collapse from a different perspective. 

In its original co-ordinates, the Schwarzschild metric 


takes the form 
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where ras they radial’ co-ordinate: Gand ¢, the polar 
angles. The metric 1s invariant under translation of 
mie. time CO-OLouinNatce, ot > Tye const. and ret hection, 
T + -T. In geometrized units, m may be identified with 
the body's mass. Spheres of constant r and T have an 
intrinsic surface area of Aur’. The fantastic nature 
of some events during the collapse of an object is less 
mysterious once the external space-time geometry is 
explained. 

When r = 2m, Sag vanishes, Si becomes infinite, 
and the metric form (2.1) breaks down. This radius, 
r= 2m, 1s callediathe gravitational radius of the body. 
Outside r = 2m, curves of constant r (ds? = Syl <0) 
are time-like, and curves of constant T ide = Frame ly 
are space-like. Inside r = 2m, their roles are reversed. 
The pathology of the co-ordinate system at r = 2m is not 
a physical singularity; rather, it shows the inadequacy 
of (2. =n describing #@heventire manifold. . The Riemann 
tensor does not become infinite at r = 2m: tidal gravi- 
tational forces are finite. An observer who follows 
the collapsing body inwards enters a space-time region 
that.ais not covered by the (r,0',6,1)) Co-ordinates. 

in order to solve the problem of the ‘co-ordinate 
system's not covering all of the manifold, various ex- 


tensions will be considered. Introduce a new time co- 
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ordinate, u, such that u is constant along the path of 
any Outgoing light ray., In the (r,0,¢,T) system, a 


radial, outgoing light ray satisfies 


so 
ag 


2m 
(1 - 2) 


A retarded time can thus be defined by 
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in terms of which, the Schwarzschild metric is 
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By introducing an “advanced time", v, such that 


SR sup 


2m 
Saas! 


(2.1) is transformed to the Eddington-Finkelstein form 
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These co-ordinate systems cover the range 0 < r < 
without becoming singular; and, taken together, they 
cover the entire time range. 


In tracing the collapsing surface using metric 
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form (2.1), one finds that the light cone of a co-moving 


observer bends inwards with the collapsing surface, 


pulled by the intense gravitational field. An external 


observer is still confronted by the "impenetrability" 
of the Schwarzschild surface. This surface, an event 
horizon, is in Penrose's words, "the absolute boundary 
of all events which can be observed in principle by an 
outside observer." [17]. The co-moving observer's 
world-line must remain time-like; however, a time-like 
world-line transports him to regions of decreasing r 
and increasing tidal forces that are generated by in- 
creasing curvature. The singularity at r = 0 is an 
intrinsic physical singularity, as is evident from the 


invariant scalar, 
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What happens to the matter in the vicinity of the 
Singularity is an interesting problem which will not 
be considered here since the theory of general rela- 
tivity is not applicable. 

Neither of the co-ordinate systems (r,6,6,u) or 
(r,9,¢,v) cover the entire space r > 0, -~ < T < © by 
themselves. For general geometries, the best situation 
is a system of overlapping co-ordinate patches which 
allow all of the geometry to be probed. For Schwarzschild 
geometry, a Single global co-ordinate patch was developed 
by Kruskal [18]. The (r@du) form of the metric differs 
from the (ré¢v) form by the transformation u > -v. u = 
const. defines a spherically symmetric outgoing or 
exploding null hypersurface; whereas, v = const. defines 
a spherically symmetric ingoing or collapsing null hyper- 
surface. To construct a single global patch, first try 


(ujvy9>5o) as®alco-ordinatersystem. 


ee eS 
v-u = 2{r + 2m Ln ome at 02.4) 
vt+tu = -2T 
and 2a = -(1 - 2B) dudv + ee . 


Unfortunately, the determinant of g vanishes at r=2m 


and the metric is singular. Rewriting (2.4) as 
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-u). 2 
exp{ G4) = (1 - 2B (Z)exp iS) (2.5) 
we see that (2.1) may be written 


ds* == (eee aee du dv + r*d97 (2.6) 


-u/4m 


with U = -4me 4 V= ane’ = 


That this metric #oxnmyivs*nonsiangularsfor all r > 0 is 
clear (tfOM StudVvingut asea tunction, Of U and V 19). 


The Kruskal metric (2.6) has the following pro- 


perties: 
Cis Any line of constant U@¢ or V8¢d is a null line. 
(2) The metric is not defined on the extreme top and 


bottom shaded regions of figs. 1 to 5. In these regions 


UV/(4m)*>1 and r*and Jn are not defined. 


(3) The boundary lines UV/ (4m) * = 1 correspond to 
r = 0 and are true Singularities of the manifold. 
(4) The transformations 
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V = 4m 


show that figs.1 to 3 illustrate the domains of regularity 
of Schwarzschild's co-ordinates, (r0¢T); "retarded" 


co-ordinates (ré@ou); and "advanced" co-ordinates (r,8,¢,v). 
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Figure 1. The unshaded region shows the region where 
Schwarzchild's réo¢t form a co-ordinate 
system. 
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Other properties of the Kruskal system are noted in 
figures 1 to 5. For a more detailed discussion, see 


Misner [20]. 


oe Electrodynamics in Relativity 


The Reissner-Nordstrom solution differs from 
the Schwarzschild solution in that the spherical matter 
distribution also has an electrical charge. Before 
discussing Reissner-Nordstrom geometry, the role of 


electrodynamics in relativity theory must be examined. 
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In special relativity, electrodynamics is charac- 


terized by the stress tensor 


toppltp 1 slp poby (7) 


Hoe 
ae Av Vien ee 4 Os 


where the electromagnetic tensor, SG may be determined 


from a vector potential, Ae by 
F =A - A ; (25,0) 


In terms of familiar field variables, E and H, ta is 


the matrix 
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The Fay, Satisfy Maxwell's equations: 


+ F ve = 
UVrA VATU a este : 2s. EO) 


pHY = gH 


¥ where J'4 = four current . (2: ak J) 
a 


Extending these relations to apply to general relativity, 


the F will satisfy 
Uv 


F + + = é 
oe te (PAT2) 
anes e” | (2043) 
|v 
Tae covariant “derivative fuindicatedtby 2" | ser ;" along 


with other mathematical operations and entities such as 
Christoffel symbols are discussed in Chapter III. 
One can show that since 
oO, O 
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(2.13) may be shown to be equivalent to 


ivag PYM » anato: Sire ADE (14) 


’ 


(2214) and (2.12) or”(2.10) are the general, relativistic 


statement of Maxwell's equations. 


§2.4 Reissner-Nordstr6m Geometry 


The Reissner-Nordstrom metric for the external 
field of a charged spherically symmetric dust cloud is 


given by 


a) 2 
ee = Ge on 4) Ge ie a(t om ai ees 
rE 


ne 
where it is assumed that mass and charge are constant. 
This co-ordinate system becomes singular at two radii, 
which are found by setting S4a4 = 0 


v! 
oe 


r= san + Gite a) for |e|<m 


1 
Ze 
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Thus, where |e | < m, there are two event horizons. 
When |e| =m, Tha Poe n/n. and there is only one 
event. horizon at.r =m...For |e| > m, there are no 


event horizons. 
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The metric (2.15) may be transformed to a 
Kruskal-like system that does not become pathological 


at ry and r_. The analytic completion of the Reissner- 


Nordstrém manifold has been done by Graves and Brill 


2 2 2 


FOr a* um and by ‘Carter for e@ =m [21]. What follows 


is a summary of their arguments by de la Cruz and Israel 
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Case l : ate m* 
In this case, the Reissner-Nordstrom metric 
becomes 
135 2 
as* = (1-8) “dr? + r“an* = 1 - Bar? (DE Le) 
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introduce an angular time co-ordinate, 0, Such that 
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arises in an™) . The extended line element 
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ds* = (1 - 3) dr? + ran? - 4m* (1 - 8) (detan 6) 


(2417) 


represents a space-time which has a singularity only at 
r= 0, vand is pericdic. | Thevrm,) map Dreaks’ down on 


lines r=m, 0 = (n+ 5) 7. That r = m is a regular part 
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of the manifold can be verified by expressing the line 


elementainra.tormm,that lcerequiar at ro> 0: 


2 
ds<= Jay! dx — a-% avic 4 1-ae- (2.18) 


where advanced time v' is related to r and T by 
mae 
dv' = (1 - = dni a (2a) 


in thet yo Chart, tolLlow any incoming radial 
null geodesic v' = const. originating in a region r>m 
to res O0rifag:86¢). “This ehart. prevides a regular mapping 
of two adjoining regions, Ia and IIIa. By analogous use 
of a retarded time parameter, a chart for IIIb and Ib 
can be constructed. A repeating chain of overlapping 


co-ordinate patches allows one to follow any null or 


time-like geodesic to r = 0. 
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In this case, the quadratic co-efficient f(r) = 
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2ku abe. £ dr — ax (001) 
-1 -1 
2kv 7 dve=| £ -a@r4 dt C2782 23) 
k is an adjustable constant. 
The line element assumes the form 
2 Ak £ Dipecrvg 
dsn = dudv + rd 5 (223) 
uv 
Intégration Of s(2.2Nwiand (2.22) yields 
2 2 
STD ga |= 2 | ee |e 1 juy| 
r+ = Sn|—-1l] - ~ Iniea———- 1! = k Rniuvli (2.24) 
iso xT £1) ea > 
es uv 
a wre (p25) 


Consider the chart Uj, rv obtained by setting k = k,= 


1 ih 
2 
rj/(r,-r5)- From (2.24) 
-r7/r2 aes oy 
uv, = (2 hpettiipn At beeper ektetng, (elo tre). 
rhage 5 16 Ze 2 
ih 2 ry 
(202i) 
There is no singularity at r = ry: (u,7V,) gives a 


regular mapping of a subregion of the manifold which 
has r > ro. A co-ordinate singularity does develop at 
r=f, however, and it is necessary to go over to another 


chart before that happens. 
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Figure 6. 
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This is a diagram of the extended Reissner- 
Nordstrom manifold for e = m. Dashed lines 
represent radial null geodesics. The time- 
like curve KLM represents the history of a 
thin shell which implodes in Ia, reverses 
its motion at L after passing through the 
event horizon at r =m, then re-expands into 
ib... This diagram as from [21]. 
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Nordstrom manifold 
indicate outer and 
This may be called 


the extended Reissner- 
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inner event horizons. 


a Graves-Brill diagram. 


30 


Define the chart (u,,v5) py Setting k= k= 


2 
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-r5/ (rj -r5) an) C22 4) vad (2225). ) Then 
Ze 
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and this provides a regular covering for any subregion 


with r< rj: In the domain of overlap, ro<r<yry, the 
charts are related by 

r? a r? are 

1 ae 2 al 2 
[u, | a | u, | ; lv, | a lv, | . (2.28) 


The complete manifold for e* < m* Ss al periodic lattice 
of alternating regions of type I (r> r,), type II 
(rx, < r< r,) and type III (r<4r,). Fig. 7 shows the 


results of the preceding transformations. 


i202) A Radiating Reissner-Nordstrom Metric 


The Reissner-Nordstr6m metric for the external 
field of a charged, spherically symmetric dust cloud 


has been given by 
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By making the mass and charge functions of a retarded 


time, t, the Reissner-Nordstrom metric is transformed 
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into its radiating counterpart. The general form of 


such a spheri-symmetric metric is given by [23] 
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If F(r,t) = 1- 2m(t)/r, we have the case of a radiating 
Vaidya metric, which was dealt with by Israel [24]. 
For a radiating Reissner-Nordstrom background, 
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For future reference in calculations, we write 
out explicitly the components of the metric (2.29) which 


are the gravitational potentials, or fundamental tensor 
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Vv = 
a kh ee iora, 0 1 ek: Welds 
0 — 0 0 
, (33) 
0 0 1 0 
r sin 6 
aT 0 0 0 


A differential form calculation (Appendix 1) gives 


for components of the Einstein tensor 
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The energy tensor takes the form 
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t'H¥ is tangent to the outgoing null geodesic t = const. 
and \ will be determined from (2.34) by applying 
Einstein's field equations. The second term on the 
right is the electromagnetic contribution. ee repre- 


sents a radiation-filled exterior region to a spherical 
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shell whose mass and charge change as a function of t 
as a result of radial radiation of particles with the 
speed of light. 


If we assume a vector potential 


A(t) = (0,0,0, £2) (2.36) 


where 
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and apply Einstein's equations, using (2.34), we get 
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Once the mechanism for discussing the collapse 
of a thin shell has been derived in the next Chapter, 
the results of sections 52.4 and $2.5 will be applied 
to the case of a charged dust shell in both a static 


and a radiating Reissner-Nordstrom background. 
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CHAPTER Lt 


GENERAL SHELL THEORY 


SontLrs Mintroduc tion 


The features of spherical gravitational collapse 
are preserved when one considers the collapse of an 
infinitesimal shell of matter, a singular hypersurface. 
Compressing a cloud of dust into a shell results in 
jump discontinuities, and one must consider the junc- 
tion conditions at the discontinuous surface. In 
Newtonian theory, the jump discontinuities of the 
potential and its first derivatives are calculated 
across the surface. In relativity theory, the contin- 
uity of the gravitational potentials depends on the 
smoothness with which the co-ordinate system being used 
covers the space-time manifold. In order to avoid the 
Caprices of various co-ordinate systems, we characterize 
the hypersurface by the extrinsic curvature of its 
embedding in the four dimensional background Riemannian 


manifold. 


Soar x Description of the Shell Hypersurface 


Let ) be a smooth, time-like hypersurface embedded 
in a four dimensional Riemannian manifold, V, dividing 


it into two. redions; V_,- the region interior to the 
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surface, and Vas the region exterior to the surface. 
V has co-ordinates x” and metric tensor Tyg: ) has 
intrinsic co-ordinates EL and metric tensor Sis: The 


extrinsic and intrinsic co-ordinates are related by 


some function 
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An infinitesimal displacement in ) is given by 
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where we have introduced three linearly independent 


tangent base vectors 1 whose components are 
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The metric of ) is given by 
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The following entities and operations provide 


information about the structure of the hypersurface: 


(i) Reciprocal or Dual Base Vectors 


The dual base vector is defined by 


eo!) arate 14 (3.6) 
where 
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The dual base vectors are linearly independent vectors 


tangent to ‘ 
(2) Vectors in } 
Let A be any vector tangent to }. We can write 
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where > are the covariant components of A, and aP, the 


contravariant components. The metric tensor, 945 and 


. . sf j . e . 
its inverse, g J, are used to raise and lower indices. 
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(3) Affine Connexion (Christoffel Symbols) 


Define 
Je >. d@,. 
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where de (4) /8E> is the absolute or intrinsic derivative 
of © (i) defined with respect to the four-dimensional 
affine connexion. Another way of writing te may be 
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and may be written more explicitly in terms of the 


gravitational potentials (metric tensor) as 
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(4) Intrinsic Differentiation of a Vector 


The intrinsic, covariant derivative of a vector, 
hy With fespect co oa represents the projection of the 
derivative of A on the hypersurface, }. 


Let A(y) be a vector tangent to ) and defined 


on the curve gi = Et (y) 
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Now split dA(y)/dy into components tangential to ) and 


perpendicular to }. 
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Only the parallel component is accessible to an obser- 


ver on the hypersurface 
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The intrinsic derivative of a vector A with respect to 


a parameter y is written 
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ae ij Ae i (3.18) 


The intrinsic derivative of a nontangent vector may also 
be defined, and represents the projection of the deriva- 


tive of the vector on ). 


(S)) Covariant Derivative of a Vector Field 


For some value of i, let — = y 
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which is the covariant derivative of the components ii 


of vector 
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Similarly, it may be shown that 
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(6) Extrinsic 3-Curvature 


Let n be a space-like normal to ) pointing from 


V_ to V, with properties 
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The Christoffel symbols, and the Riemann 3-tensor 


defined by 
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depend only on 934 and its derivatives - all intrinsic 
quantities. Properties of a non-intrinsic character 

are given by the way the hypersurface "bends" in the 
background manifold; that is, by the way that the normal 
varies with respect to the intrinsic co-ordinates. 


The extrinsic 3-curvature, ee is defined by 
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C75) Gauss-Weingarten Equations; Gauss-Codazzi Equations 
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The Gauss-Weingarten equations (3.26), follow from (3.10), 


(3.24): 
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be, 
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Given -an A(u,v) defined on x’ = x* (u,v), the 


Ricci commutatiion relations are 
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Taking aoe Oi (3.20)0,7 anauucing (3.23 )and (3.26) along 


with the Ricci commutation relation yields the Gauss- 


Codazzi equations 


K = Kick (3.28) 


a. B Y 6 ‘ Y 
Rupyd* (a)® (b)?(c)"(d) ~ *abcd (Kc bd ad! 


aPises tin aos-oxre 3 
. Prey on Ey ened (Kocla Kode? : C3529) 


MULELp Py ing (3'F2'8\)- “by GA Gite (3929) by eee and using 


the relation 


Oe Vi awe ee og EY 3.30 
FHF (c) g en (3200) 
yields 
3 ab 2 a 8 
= = = A en 
R K pk +K 26) gn n (3 ) 


(8) Surface Energy Tensor 
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1s nonzero, thei hypersurfacé represents ai thin’ shell. 
The Lanczos equations 
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define a symmetric tensor, cay called the surface 
energy tensor. The surface energy tensor is the in- 
tegral of the Einstein tensor across the surface layer. 
This may be shown as follows: 

Let the surface layer defined by boundary 
surfaces J” and )* have thickness e where e€ > 0. 
Using Gaussian co-ordinates based on } , 
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extrinsic 3-curvature is given by 
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(9) Jump Condition’ for the Electromagnetic Field 


The method just demonstrated of integrating 
through a surface layer will now be used to determine 
the jump condition of the electromagnetic field pro- 
duced by a charged surface through the surface. Again, 
let the surface layer defined by ) and Y* have thickness 
€ where ¢ +0, and use Gaussian co-ordinate based on) . 
The jump condition.on the,field is found._as follows: 


For a charged surface, 
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The last three terms on the left are all finite across 
the surface - the field and hence its tangential deri- 
vatives are finite through the surface - therefore, 


their integrals tend to zero. 
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aD are components of unit tangent vectors (dual base 
vectors) to the hypersurface. Multiplying both sides 


Of (3.49) by e yields 
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In this form of the equations, both sides are 4- 
scalars which can be evaluated in arbitrary 4-dimensional 


co-ordinate systems. 


jooo fol he ouel lain Motion: Equations of Motion; 
Continuity Equation 


The concepts introduced in 83.2 will be used to 
determine the equations of motion of a collapsing shell 
and to derive a continuity equation describing the 
energy flow from the surface layer. 
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An ideal fluid shell has a surface energy tensor 
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Either (3.32) or (3.61) and (3.62) may be used to derive 


the equations of motion of the shell. Multiplying (3.53) 


by ut yields a continuity equation: 
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CHAPTER IV 


SPHERICAL SHELLS 


S41. Introduction 


The equations which were derived in the last 
chapter will.be applied to the case of a spherical 
fluid shell. We then allow the shell to have charge 
and va lloweLorstne possibadlviy or radiation. In other 
words, the shell is embedded in a radiating Reissner- 
Nordstr6m background. The equations of motion of the 
shell in such a background are determined, and the 
qualitative features of the motion of the collapsing 
shell are discussed using the Graves-Brill diagram 


introduced in §2.4. 


SA 22 Equations Of MOtCIOnN <forwa, spherical Shell 


A shell of radius R(t) has metric 


as“ = R* (1) an" - are (43) 


with components 
J,, = diag (Rook sino 1) a8 (4.2) 


The intrinsic co-ordinates are 


oes = (GO ct) (4,3) 
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uu = =] - (4.4) 


For the background space-time metric, we shall use the 
general form of a spheri-symmetric radiating metric 


which was introduced in §2.5. 


deo] =r eaie - drae © rode Oe 
with components (2.32) and (2.83). 

On the shell, 

rE = R(t) 

i = t(Tt) 

dee nat aera, aon de-. & (4.6) 
But also 

foe SU Redn eed (4.7) 
Thusy <equatange(4., 6)wand. (4.7), 

2 Z : 
at. = Fdts @y2drdtR a. (4.8) 


Dividing by at? and, solving sforedt/dt,: 


(i=, 0,0) = ot i 


(Pd) a; 


sit sev Liede ow \2titom Sots-oodae bowowentoed ‘ot <a) 


(2) Sop 8s + dbabe = eile eh 


.(€€.$) ‘bas ($6.9) aanes 
\iteaé ical 0 


()3-= 3 


c ; * rae ~ ) 
(a. b) . “no*a + rpagps = Sybm = Sep 
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Ona a emcee | ae eee, (479) 


_The unit tangent and normal vectors to the hypersurface 


are 
OL : 4 
Ww SP (RU), 0S, x) ., ie (-X,0,0,-FX-R) 
(4.10) 
n, = (X,0,0,-R)  , n = (FX+R,0,0,-X) 
where X is determined as follows: 
eau = Si (4.11) 
2 e 
SSULSEXT #42XR (S0+3B +. (412) 
Solving»tOr Xx 
: -2 eS ee ce ba 
ier fie a LR es 7 O : 
X = a 5 ian; eee (4.13) 
Comparing with (4.9), we see that 
dees - Rs Jatt F (4.14) 
wat - F : ; 


Lt we assume that the shell is am ideal fiuid 


shell with surface energy tensor 


Oe = (60 + Bu es + foe Ars) 


the equations of motion may be found either directly 


from the Lanczos equations or from (3.61). 
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From the Lanczos equations, 


Yes rae Bay Bm(Ss 5 5 a5) (4.16) 
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S g Sj 
3 i ij 
FalottrOiuen of g TeuP 
= 2P -g (4.17) 
= Kk oO) 
o Yea = 80 ((o+P) usu. TS 935) 
= pon tiage.0. 4 (4.18) 
1) 1) 
The components of the extrinsic 3-curvature are 
calculated as follows: 
O ony 
ee hehe Soe Se 
O 
a ox O 
i a s2 
21g) x6 65 (4.520) 
én B 
Ge ful Uchixacter u crot 
<a nog 5 noe ( ) 
: See See cet . 4.22 
Ae Ka nil o2 n P22 ( ) 
RN! i 
The only non-vanishing component is -n ry 22 
v 
gymmatrsd es lhl 2A 22ont als 
os Bi; ea ede zion ne ax 
sef(oe Tie) Roos (4.23) 
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Similarly , 


K ie eg Cea Hak 32 oO 
bo ey oe R sin O(r yn ) (4.24) 
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pat Sey igh al gu 
oe u a ny ie P (4.25) 


The equations of motion of the shell follow immediately 


from (4G), “(4o23)., (2225). 
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The first of these equations, 


Oy = PaaRaG 


is very useful in characterizing the motion of a collap- 


Sing shell, and will be often referred to later. 


64.3 A Shell in a”™Radlating Reissner-Nordstr6ém Background 


In §2.5, we introduced the general form of a 
spheri-symmetric metric which could be applied to a 
charged, radiating shell. The non-vanishing components 


of the energy tensor and the Einstein tensor were 
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computed. The qualitative features of the motion of 
such a shell are examined. 
Since the shell is radiating, we will look first 


at the continuity equation for the shell; 


(out) , + pul, = issn | i (4.28) 


The first term on the left is the rate of increase of the 
total surface energy/unit area. The second term is the 
surface pressure times the rate of expansion. The 

right side of the equation is the radial energy flow 

from the shell. This interpretation will be clear when 


(4.28) is evaluated explicitly: 


Th Myke —= 3) = 2R 4.29 
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d 2 CAS 6 il: 2 ss 2 
_ ae (4nR 9) +P anes R[X Fi] (A 2240), Beil4esz2) 
Now consider a spherical shell, charge e(t), 
‘mass m(t) falling in an external field due to a 
spherical distribution of gravitational mass m, (t), 
and charge e, (t) near its center. We have defined the 


charge and mass of the shell and its interior as 
(473333) 


r = R(t) is the equation of the hypersurface We and 


divides*space-time nto two wregions, Vand V_' with 


metrics 
ds* = -F_ at?-2dtar + r*an* =9soar< R(t) = (4.34) 
+ re> Ra) 

am, (t) ef (t) 

Foo= (l- —— + =) (4.35) 

1g 

amy(t)  e4(t) 

F, = (1-—2— ++ 3). (4.36) 
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Recall that an equation of motion for a spheri- 


cal shell is given by 
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where M is the total proper mass of the shell, defined 


as 


z 4nR? | P4dx" : (4.38) 


M = AgRod = 47R-S* 4 


4 


Recall also that [r oa represents the jump in 
Ul 


ake F across the shell. (4.37) may be written as 


= RAPE, 2 Ro+ FP, (4.39) 
— F ol re. Fr} = R° + as (4.40) 
ee eh + Bese. ah (4.41) 
+ JRO+ FL = meee 2 shake ex jn] . (ah-425 


(4.41) and (4.42) represent the values of the radial 
component of the normal to the surface at the inner 
and outer surface of the shell. 

We return to (4.37) to get the equation of motion 
for a dust shell as a quadratic equation: 
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2 ta 
2 (m,-m, ) (e,-e, ) 
i aH ae 
ne, oy a ee ee £ (4.44) 
4mR' oO 47TR’ Oo 


From (4.43) and (4.44) we get 


PP a den i Es ae 
M = n_R n R = {R°(1+R*) - 2m,R + eji* 
. iy 
=" {R* 4+R7) - 2m,R + ene (4.45) 
1 1 
n’R + njR = {2R(m,-m,) - (e5-e%)}/M (4.46) 


Adding (4.45) and (4.46) and squaring the result gives 
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(4.47) 
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This equation is the relativistic analogue of the 
Newtonian equation which expresses energy conservation 


of the system: 


2 
(e,-e,) (m,-m, ) (m,-m, )m 
2) ae ya 2.7 Fel Vegas a 
du = -Pd(47R*) (4.48) 
T = kinetic energy 
U = thermal energy : 
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84.4 Some Qualitative Features of the Motion of a 
Collapsing Shell 


We will now examine the Graves-Brill diagram 
OF Ligwamone closely... The following, conditions are 
important in determining the path of the collapsing 
shell on the, diagram: 
(is) The normal is directed perpendicularly to the 

collapsing shell, from the inside to the outside. 
(2) R <Omeans that the, shellis moving inwards. 
(3) Feat > 0 implies that the radius increases 

as one moves outwards from the shell. This 

oO. 


Quantity, 2S Gust nom the radial component of n’, 


which is given by 


f= ex fie eee se : 


(4) The path of the shell must be time-like during 
the collapse. 

C5) Regions of constant radius are variously time- 
like and space-like in different portions of the 
Graves-Brill diagram. 

FOr cunvesur,o,© = .cONnst.., 


ds? = ar? < © implies: that ‘such curves are 
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time-like. If ds* > 0, the curves are space-like. 
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‘ 2m 


2 
asec = = +55) < 0 — space-like curves 
i 


—» (xr-x_) (r-r,) <0 =» space-like curves 


where Be is the inner event horizon and r the 


+! 


outers .Uhis%condition-holds fer ret<cr< 45 In 


1° 
the cases where r>r, and where r<r_, the curves 
r,a,o = const. are Mime-liket, Since Wyr is 
orthogonal to curves of. constant y, and since nh 
is orthogonal to and directed outwards from the 
path of collapse, fig. 8 can be sketched to show 
some possible collapse paths for the shell. 


For paths l} and 2, sf4gliee,, we shall’ find a con- 


dition on the tuyphing jointsfof the motion: 
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radial normal component. At a turning point, 


R = 07 —> Fos 0 
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is a condition on the turning points. What this 
means is that curves r = const. must be time-like 


at a stationary point and no such point 
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Figure 8. 


Two collapse paths on a Graves-Brill 
diagram. This is an illustrative case 
to show collapse from "external space- 
time", Ib, across both event horizons, 
and re-expansion in a distinct "external 
spacetime" Ic. 
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CkrGts an the rangers (<4 <r Thus, the possi- 


+° 
briniiyeorihaving a turning pointmandia 
"gravitational bounce" or re-expansion of the 


shell exists in regions IIIa and IIIb. These 


cases will be considered in the next chapter. 
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CHAPTER V 


A CHARGED DUST SHELL IN A STATIC REISSNER-NORDSTROM 


BACKGROUND 


SSu05 <Entroduction 


A space-time is called stationary if a system of 


co-ordinates exists so that g OF Wy wae L238 4 


iv, 4 
If also o§ Qa ie=¥1) 2434"Ss0 that the metric isi¢ast 


into the form 


2. i. 3 ee 
ds” = G; 40x dx" + g,,(dx°) (5.12) 


the space-time is called static. Any spherically 
symmetric field in vacuo is static. In this chapter, 
we consider the collapse of a dust shell, without 
radiation, in such a static background metric. A 
proof will be given to show that a charged shell 
collapsing onto an uncharged black hole cannot "unlock" 
the black hole by collapsing to a singularity which is 


not shielded by an event horizon. 


55.2 Collapse Of a Eiipry sneii” [ 27) 
Consider an empty shell with mass m, charge e, 


for which 
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proper mass M = const. 


An equation of motion is obtained from (4.39) 
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Let us look at the Newtonian analogue of this 


equation. Solving for m:- 
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m= Mv1l+R OR 
2 2 
ne Ue ie ome! ie 


This is simply a statement that the total energy, m, 
equals the rest mass plus thermal energy of the shell, 


M, plus the kinetic energy, e MR, plus the gravitational 


2 
potential energy, - 5 plus the electrostatic field 
ae 
energy, 5 us 


Define a potential function U(R) such that 


2 
1+ U(R) =n +03 = fee one Wy (54) 


If m>M>J|e|, there are no turning points, and the 


collapse is irreversible. This is evident from a graph 
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plotting U(R) versus R for R = 0 (E1g7 oa 


Case l: m>M> le| 


In this case, there are two event horizons (real 


solutions to 1-2 + oy =O), ‘and no turning points . 
ig 


From (522), \setting Re=.0 yields 


M*- e* 
ern = 2(M-m) ~ 0 ig (5.5) 


Hence, the shell collapses to zero radius. The normal 


to the shell 
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Changes sign at R = Mote 72M, which lies between event 
horizons 
rr. = m+ /m?- es 


Since the normal is positive in region IIIb, and nega- 
tive in Tila, the shell must pass into Iiia. dhe 


collapse path is shown as path 1 of fig.10. 
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Again from (5.2), setting R = 0, 
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and m=M + mae) f C0) 


Now we have three subcases to consider: 


a) m>|le|>M 


In this case, from (5.8), 0 < Ri < Mtle|/2. 


The turning point lies inside the inner event horizon 


since 
r_-R Le fee PSE a > 0 
= carn 2 (M-m) 
Vy 22 2 2 27 Mite” 
> x7 e M” - mM(M -e°) +m M + = FES > 10) (559) 


which is true for m>|e|>M. (Henceforth, R SSR ys 
CUEH at 


Le R7 > M, the radial fcomponent,oef.the normal at 


the turning point is positive: 
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The shell passes through region IIIb and re-emerges in 


E (path 2)... 


18 Rn <M, n* (Rp) < 0, and the shell passes through 


Tita path is). 


i Rp = M, n* (Ry) = 0 at the point where regions 


IIIa and IIIb meet. The shell passes through this point 


and re-expands into I (path 4). 
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Figure. 10. 


Various collapse paths. The shaded 
area denotes the interior side of the 
shell 
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Figure 11. A modified Graves-Brill diagram 
for |e| =m. Path 5 shows the 
collase path for Case 2c. 
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b) le] >m>M 

In this case, there is no event horizon. The 
shell collapses to Rp and "bounces" by re-expanding. 
c) (m= |e|)>™M 


In this case, there is an event horizon at r=m, 


and a real turning point at 


2 #ee 
Pe SN ee M+ |e| 


This turning point lies inside the event horizon since 


re > RAs m= 5 ated 0 (5.442) 


and the normal at the turning point is positive. A 
path for the shell is shown as path 5 in fig. ll. 
This figure is a modified Graves-Brill diagram for 


which |e! =m. 


Case 3 : M>m 


Again we consider three subcases: 


a) M>m> |le| 


In this case, there are event horizons, but no 
turning point. The solution for the turning point 
represents the initial radius from which the collapse 


begins. This radius lies outside the outer event horizon: 
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Now we must determine in which region the collapse 


begins. From (5.8), we see that for R, > Mtle|/2, 
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Collapse path for Case 3a. The shell 
explodes from a singularity, emerges 
into an "external spacetime", and 
collapses to a singularity. 
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interesting way of looking at this case is to consider 
that the shell has expanded from a point, producing 
an external, singularity at-re= 0. It briefly expands 


into an exterior space, and at R it again collapses 


me 
€oOva point: 16. Lita (path 6, fig. 12). 


If M>.R_> M+ |e|/2, R,,> R, and n* (Ry) < 0. The 


T ik 
collapse begins in the Ia region and proceeds into 
Ifa and IIIa. 
b) M>|e|>m 


In this case, 0<R,,<M+l|e|/2 and the shell starts 


pi 
from rest and collapses to R = 0 with R = -<©. This case 
is not physically realizable, however, since ny is less 
than zero for values of R less than Mote" / 2m, which is 
less than R,. This means that the radius decreases along 
the outward pointing normal, which is clearly not the 


case in our external space. 


c) M> (m=e) 


There is one event horizon at Ce m.. The turn= 
LnGY porn, Rp = Mtm/2 lies outside Ri and represents 


the initial collapse radius. Again, however, n* (Ry) < 0. 


§5.3 Can a Black Hole be Unlocked? Collapse of a 
Charged Shell with Interior Mass 
Consider a shell with mass m and charge e for 


which 
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m= interior mass at the shell's centre 
proper mass M = const. 
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We return to (4.47) to use the quadratic form of the 


equationsof motion, which, in this case become 


(RR)* = (622 1)R* 4 BRE C (316) 
iQ Qian ae 
MO pre if 
ee (5.17) 
(m,-m,)e 
Ze ele 
B = m,+ m.— 5 (5721-3) 
M 
(e2- m)* 
AC = Specs Tare ° (5:,..L9)) 


From (4.42), the normal to the outer surface of the 


shell is given by 


Rs 2 2m. s (M423) 
Eel el ie Ra ee 5 Ub.) 


If we consider the interior mass, my, LO srepre- 
sent a black hole with an event horizon at R = 2m, , 
the collapsing shell would "unlock" the black hole if 
it could collapse to a naked singularity without form- 
ing an event horizon. The following theorem shows that 


this is not” possible: 
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Theorem: There are no solutions to (5.16) with 


collapse to R = 0.satisfying 


e5 > m. > m, 2 [O Mee es e, = 0 (5 72) 
de 

r n”| Sy OW, (5.22) 
7 O R 
fe) 


> assures that the total 


charge of the black hole and shell is greater than the 


The condition |e,|>m 


total mass of the black hole and shell, so no event 
horizon will form during the collapse. The condition 
of a positive radial component of the outward pointing 
normal, x n>, is necessary for any collapse without 


an event horizon. The proof of the theorem depends on 


three cases: 
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(i) 6 < 1 (positive binding energy) (fig.13) 
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(5.16) <> (ee 3 1) Re + BR, PiCr=- © 
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+ 
If we can show that E.., is negative, then as <0 
Multiply (5.28) by the positive expression, 
+ = (1497 ej dete) a8 + 4a- 
and set Bf =y-@: 
1 ACRE: / 2 
Baas 8 (le8otB—) so LOY Ii ti i4 ad it) 4a | = 
2 ——+—. (1-07) (1-2y9+y")° <0 fOr 0 6 
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Collapse to R = 0 is only possible in two cases: 
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The discriminant of 0(0%) is 


eee 2 
lom, (m5 - e5) =< 0 for @e5>m, . (533) 
Hence, 0(67) > 0 for all 6; therefore case (b) is 


impossible. 


13) 8= 1 
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in Enis ‘case, Eo) = 0, hence ry no —0'-Golura 


max ie} 
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There are thus, no physically realizable situa- 
toons in which a charged infinitesimally thin dust shell 
collapsing onto an interior black hole "unlocks" the 
black hole by removing the event horizon and proceeds 
to form a naked singularity. The theorem supports both 
Penrose's "Cosmic Censorship" hypothesis [28], and the 
Hawking statement of the third law of black hole 
mechanics [29]. The "Cosmic Censorship" hypothesis 
states that all naked singularities must be clothed 
by event horizons. The third law, in the form which 
confirms to the material in this chapter states that 
it is impossible to convert a black hole with |e|<m 


into an "extremal" black hole (with |e| = m) in a finite 


number of steps. 
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CHAPTER VI 


A RADIATING DUST SHELL WITH CONSTANT CHARGE 


§6.1 Introduction 


In this chapter, we shall examine the behaviour 
of a charged shell which radiates entities such as 
photons - mass but not charge. The way in which t, 


Mic) MCC) Mat anda (1) vary from Ror, to’ R< x. will 


+ 
be examined. Finally, the effect of these varying 
quantities on the collapse path of the shell will be 


studied. 


86.2 Behaviour of the Total Mass and Proper Mass 


A shell with a mass m(t) and a constant charge 


e will have event horizons set at 


Il 


ry (t.) = m(ty) + (m@ (to) -e7)7 (6.1) 


r_(t,) = m(t,) - (n?(t,) -e7)7 (6.2) 


where to and ty are the retarded times at which the 
shell crosses the outer and inner horizons. We shall 
examine the behaviour of tc, m'(t), M* (t), mC) sand 


M'(t) in its regions delimited by the event horizons. 
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Since tT is the proper time on the shell, dt>0 
in all régions. |®fhus:, *X Vand t tend to infinity as.6R 
tends to ri. 

The proper mass of the shell as a function of 


proper time is related to the proper mass as a func- 


tion of retarded time by 


M'(t) = M'(t) == = XM'(t) ~ . V6:5.3)) 


A shell radiating photons loses proper mass, so the 
quantity M'(t) is negative in all regions. 


From the continuity equation, (4.32), in the case 


where P = 0O, m,)= e)= 0, e constant, 


mney (6.4) 
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Collecting these equations: 
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m*¢e) <%0 (6.9) 


There are two subcases to consider: 


In region IIIb of the Graves-Brill diagram, 
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From the above calculations, we can sketch the 
Grapne Ot waite lG.. “inside, the outer, event horizon, t, 
the retarded time, or, "the external observer's time" 
has no meaning. However t , the proper time of a co- 
moving observer increases towards the future, and is 
useful in characterizing the motion of the shell. We 
see from the graph that while the proper mass decreases 
in all regions, the total mass (gravitational mass), 
m(t), oscillates, and its behaviour determines the 
collapse path followed by the shell. m(t) increases 
in the region between the event horizons because the 
radiation from the collapsing shell is “dragged back" by 


the gravitational field and piles up on the singularity. 


© 6.3/ Some Collapse Paths 


Qualitatively, it is possible to cast collapse 
paths into one of the cases of 85.2. We consider the 


equations of motion to be a function of proper time 


2 2 
m(t) MIA esiein ©. 22 
TECau IM(t)RIt) = ao aie (6. b2) 
and look for turning points. The difference between the 
case “and those of 55.2 is that in $5.29 m, M, and e had 


fixed values. From fig.16 we see that M(t) constantly 


decreases and m(t) oscillates. Thus in the region R> ri, 
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Figure 16. Behavior of M(t), m(t) for a radiating 
sheld,. ) Phe motation Willa onmeliib refers 
to the regions in a Graves-Brill diagram. 
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it is possible for, say, M(t) > m(t) > e; however, in 
the region between the horizons, the total energy may | 
have grown larger than the proper mass, so m(t) > M(t)>e 
and we are looking at case l, 85.2. 

From fig.16 we see that m(TtT) is a minimum at Liye 
At r_, m(t) may reach a maximum, or may continue increas- 
ing, depending on whether or not n?(R_) is positive or 
negative. The same sort of analysis as in 85.2 may be 
carried out for a variety of cases. One line of inves- 
tigation which could be pursued would be to set conditions 


on the radiation process, for example, have m(t) change 


as a step function due to a sudden burst of radiation. 
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CHAPTER VII 


A CLASS OF STATIONARY ELECTROMAGNETIC VACUUM FIELDS [30] 


7... chntroduction 


A stationary space-time allows for consideration 
of systems which exhibit steady motions. A space-time 
is stationary if the metric is time independent in some 


system of co-ordinates; that is, if g =.0..,in, this 


uv ,4 
Chapter, it is shown how a new class of stationary 
electromagnetic vacuum fields can be generated from 
solutions of Laplace's equation. These fields are a 
stationary generalization of the static electromagnetic 
vacuum fields of Weyl, Majumdar, and Papapetrou, and 
are plausibly interpreted as exterior fields of static 
or steadily moving distributions of charged dust having 
numerically equal charge and mass densities. 

Coulomb's law and Newton's law of gravity are 
formally identical apart from a sign. Hence, classi- 
cally, any unstressed distribution of matter can, if 
suitably charged, be maintained in neutral equilibrium 
under a balance between the gravitational attraction 
and electrical repulsion of its parts. 

Indications that this obvious Newtonian fact 
has a relativistic analog first emerged when Weyl [31] 


obtained a particular class of static electromagnetic 
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vacuum fields later generalized by Majumdar [32] and 
Papapetrou [33] to remove Weyl's original restriction 
to axial symmetry and further studied by Bonnor [34] 

and Synge [35]. The Papapetrou-Majumdar fields are to 
all appearances the external fields of static sources 
whose charge and mass are numerically equal (in rela- 
tivistic units: G = C= 1). That they are indeed 
interpretable as external fields of static distributions 
of charged dust having equal charge and mass densities 
has been shown by Das [36], who has examined the corres- 
ponding interior fields. 

Astrophysical bodies are electrically neutral to 

a good approximation, and the Papapetrou-Majumdar solu- 
tions have up to now received little attention. It 
seems, however, that they can play a useful, if limited, 
astrophysical role in providing simple quasistatic 
analogues for complex dynamical processes like the 
disappearance of asymmetries in gravitational collapse 
or the collision of black holes. In reality, such a 
process always involves large kinetic energies and at 
present can only be handled by elaborate numerical 
integrations under the assumption of small departures 
from spherical symmetry [37], [38]. However, for 
charged bodies in neutral equilibrium the process 


can be made arbitrarily slow, and the details easily 
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followed as a sequence of stationary configurations. 
While this procedure prevents the consideration of 
features of undeniable observational importance, 

such as the emission of gravitational waves, it is, 

for that very reason, ideally suited for isolating 

and elucidating certain basic issues of principle 
relating to the final phases of the process. Some 

of these questions are pursued in detail elsewhere [39] 
The purpose here is to demonstrate that the Papapetrou- 
Majumdar class can be extended straightforwardly from 
the static to the stationary realm. In other words, 

a class of stationary solutions to the source free 


Einstein-Maxwell equations are derived. 


Si. 2 sotatronary Fields 


The metric of an arbitrary stationary field is 


conveniently expressed in the form [40] 


¥ Peat a: 
ds? = g dx“dx” i= = Py 4 jax? + £(dx*+ w,ax*)”. (7.1) 


f is any time independent function. Ws and a3 are 


also independent of the time co-ordinate, x. 
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2) hee 
cha = if os fw 
(7.2) 
fw. i 
a 
gtY = (-£y1J fw 
G7.&3) 
Ew £7 ts£u* 
det gis = g,14 det yi g = det Sta 
aw fF 4 Gis) 
det a ig det Va Yiu= dev Le 


Reeagy Le fae vy 


The 3-vector Wn inti.) 2s, aboltrary up “to: an additive 
x* x”) corresponding to the possibility 

t 
of making arbitrary time translations x4 Be x4 


x4 = d (xt x? x3). It may be interpreted as an angular 


gradient aA (xT, 


velocity component. We can derive from it an invariant 


"torsion vector" 


fe “Vg e P49 y 
Pq 


or fot s"=curl .G Gie >) 


in terms of a three-dimensional vector calculus employ- 


ing Teena as base metric. 
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We next consider a stationary electromagnetic 
Freitas | F = 90 A - 90 A in the space-time (7.1). 
UV Vou uv 
The condition of time independence ae = 0 yields 


for the "electric" components 
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Pan © ont ata: (726) 
Now 
mn ma_nb m4 nb ma_n4 
cn tT Pah ule 2 noabyididd, Bas 
_ ¢2pmn _ cee tA) (7.7) 
m4 _ oma _4b m4 4b ma_44 
ue ee ep mm) WA an Mas, 
yee) bem 2 mb mb CATR Bu a 
cas are ML le wr he ww tg )d,A, iyi A, 
(F8) 
The source free Maxwell equations 
Mma a a) 0 (7.9) 
for uw = m give the "magnetic" components, 
C758) CL) ——— 
POG hia rhe career (7.10) 
, ey eee emPa (7.11) 
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in terms of a magnetic scalar potential > where 
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j|k 
. (7 ee: ) 
All remaining components (7.6), (7.11) are then con- 


veniently expressed in terms of these six; for example, 


(4) _n4 _ (4) mn mn 
F ae F + Eat yeas) 


an identity whitch follows readily from (7.2) or (7.3). 
Equation (7.10) with pw = 4 now yields, on substituting 


Mer S)Gia 12), (756), and (7.5) 


div(f1vA,) = -£ “r-vp Gren 


Next, writing ee ([oen so ee) in "terms of (7.6) ‘and 


n 


(7.11) and expressing the cyclic identity; 


mnp _ 
€ 9 oF mn = 0, 


we obtain 


div(f 4vo) = £071-VA (aa 


If we now introduce the complex scalar potential 


Wy =A, + id (7386) 


4 
then (7.14) and (7.15) combine to give 
; =] t-2 
OVE SVP) = "Le Ve . CHA?) 


We have thus reduced the entire set of Maxwell's equa- 


tions to the single complex equation (7.17). 
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§7.3 Gravitational Field Equations 


The Ricci tensor 


R & Cine Oy. ro pB _ pO pB : 
a Ae ore as ee Peat (7.2288) 


for the general stationary metric (7.1) is conveniently 


expressed In térms of a complex 3-vector G, defined 


DEG = Vi Perowtd?. 2) 7219) 
Then [4]; 
-£ °R,, = div G + (G* - G).G (7.20a) 
goer pete) -% mpq oe 
-2if R, = ee Wee: C72 Ia 
al 4 Y S (9, p p q’ ) 
-2 (4) _mn 
Ree R =R 
Cer TAR Ra. Y) 
tae @” wp Crc F 0F-222a) 
pq Pq 


Here Roq't? denotes the Ricci tensor formed from the 
3-metric Y__ dx dx”. 
mn 


For the electromagnetic energy tensor 
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one derives from the formulas of the previous section 
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We can now impose the Einstein field equations 


Sree = GH ae PYromyc2la)-,. (isZLb)>, we (find 


Curley =) —4V.0 ax VA, 


i curl(yVp* - yvy) 
so that the equation 
Tt eMECUEN  — VPs R= V¥ Ld. 23) 


defines a real scalar ¥ up to an additive constant. 


We next define a complex function [42] 


SE Seay a ee : (7.24) 
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Substituting (7.25) into the field equations (7.20a), 


(7.20b) and empioying (7.17) leads to, [424 


ae ne Cet eS alien (7.26) 
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while (7.17) itself can be written 


£V-y = Vw-(VE + 2y*VW) (7.27) 
and we note from (7.24) that 

1 
f = > Ces Ere are Aen rors C1225) 


Finally, the tield equations (7.224), (7.22b) reduce,to 


2 A 
-f Bek) cas E ime sn) Rs VE (mY ,n) ; v*E* (mY ,n) 


SS Gera (7.29) 


in which, for example, 
28 (mein) : tome De 5” 1 (cae tanee) : 


The complete system of electromagnetic and gravitational 
field equations for an arbitrary electromagnetic 


vacuum field are summed up in (7.26), (7.27) and (7.29). 


§7.4 Generalized Papapetrou-Majumdar Solutions 


So far, our considerations have been quite 
general. We now examine whether solutions of the 
SYSEEMy “Ciece) perfec?) and (/.,27) exteweror which the 
background metric is flat. In this case equation. (7.29) 
[with ene = 0] is satisfied if and only if there is a 


linear relation 
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(as one easily verifies, for example, by choosing 
E = xt and €* = x? as co-ordinates). Both € and 
contain arbitrary additive constants, and it is con- 


venient to adjust these so that &€> 1 when wy + .0. We 


thus obtain 


ye Zett( = &) (7.30) 


in which the arbitrary real constant a represents the 
"complexion" of the electromagnetic field. 
If we now substitute (7.30) into (7.26) and 


(7 +27)4,nboth,. reduces#sto 


1 


tacts 2 ae ea) Casas 


which is Laplace's equation in Euclidean 3-space. 
We conclude by summarizing the procedure for 
obtaining the complete field: 
(a) Write down a solution of (7.31) in terms of 
any convenient co-ordinates ane Suppose the 
Euclidean line element takes the form Venn cs eee 
in these co-ordinates. 


(b) Obtain f, t, and w from the equations 


£ =F (1 + €)(1 + &*) 


a fee ee a Lin ee) / Cl eee) 4) 5 


= 2 
"4 


curl # * -f C7232) 


The space-time metric is given by (7.1). 
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(c) Obtain’) = A, +10 from (7-30). The electro- 


4 
magnetic field can be found from (7.6) and 


C7FalD),, 


he Ais Example: Charged Kerr-like Solutions 


The Kerr-Newman solution with m? = SS corresponds 


to the simplest complex solution of (7.31). We choose 


Tee = 1+ with R*=x*+y*+(z-ia)? (723) 


where a and m are real constants and x,y,z Cartesian 
co-ordinates. In terms of oblate spheroidal co- 
ordinates r, 6, » defined by 
ae ; 
x+iy = [trem 2+acn® sin6g ar? 


Zaz orc Mm) COshe. 5 (7234) 


the Euaqlidean 3-metric becomes 


Vn dX"ax™ = [ (x-m)* + a*cos*6] —___, a de 
(r-m)" +a 
erence pein ede. fe (88) 


Further, we find 
R= r-=-m-—- ia cos 6 


L(x-m)* + a*cos*e] 
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y= Be - ia cos 6) 


and, after a somewhat lengthy calculation, 
w ax™ = {[ (amr -m*)a ein ot /(eem)- + acoso] 1don 


Putting everything together, we recover the charged 


Kerr metric with m-= ae Inwltswusval storm [43 


As a natural generalization of (7.33), one may 


consider 
n m 
2 k 
IT +e | Ry 
2 2 : ; er 
where Ry = (r-c, ) , © is the Euclidean position vector, 


and Cc, an arbitrary set of complex, constant vectors. 
The resulting metric will represent the field of a set 
of arbitrarily spinning, charged Kerr-like particles in 
neutral equilibrium. For the static analog of this 
solution, representing a set of Reissner-Nordstrom par- 
ticles with e,.= Mm, see [35]. An extensive analysis of 
solutions of the Einstein-Maxwell equations, including 

a discussion of what Hartle and Hawking call the Israel- 


Wilson metrics may be found in reference [44]. 
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APPENDIX 1 


A DIFFERENTIAL FORM CALCULATION OF cay 


The Einstein tensor for the spheri-symmetric 
metric (2.29) is most easily computed using the method 
of differential forms. The tensor is calculated for 
the -2 signature form of the metric in order to conform 
with" [45],,/and the +2 signature form of cle is given at 


the end of the calculation. 
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Contracting. to get the Ricci tensor 
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LOS 


This ae is for a -2 signature metric. Changing to a 


+2 signature, 
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